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Abstract
Observations recently suggest 4.4σ discrepancy between Hubble constant measured locally and
that inferred from cosmic microwave background in standard cosmology. Either standard cos-
mology or local measurement might expect something new. We investigate the possibility that
the value of Hubble constants might be affected by observers’ motional status in the local mea-
surement. Using adapted coordinate for geodesic observers in FLRW space-time and constraints
inferred from observation of cosmic shear, we find that the motional status of reference frame could
contribute to about 1.1 ± 0.3% discrepancy of these Hubble constants. Namely, the difference is
∆H0 = 0.81 ± 0.22 km s−1 Mpc−1, if the locally measured Hubble constant is 74 km s−1 Mpc−1.
This effect seems not negligible as an uncertainty for local measurement of Hubble constant.
∗ zhuqh@ihep.ac.cn
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I. INTRODUCTION
Recent local measurement of Hubble constant is discrepant from that inferred from cos-
mic microwave background (CMB) up to 4.4σ [1]. In last decades, the discrepancy has been
verified many times. With ΛCDM as standard cosmology, CMB [2], baryon acoustic oscil-
lation [3–6] and inverse distance ladder technique [7, 8] provided Hubble constants around
67.4 km s−1 Mpc−1, while local measurements on Cepheid variable [9–13], gravitational wave
[14–16], quasar [17] or tip of the red giant branch [18, 19] gave larger Hubble constants from
69.8 km s−1 Mpc−1 to 74.03 km s−1 Mpc−1. The discrepancy of Hubble constants ranges
from 1.2σ to 4.4σ.
The local measurement indicates a higher expanding rate of the current universe. It
has inspired cosmological models beyond ΛCDM. Most models focused on gravitational
repulsion aspect of the universe via a modified dark energy, such as early dark energy [20–
22] or interaction [23, 24], phantom-like [25], phase transition [26, 27] and dynamical aspect
of dark energy [28]. On the other hand, the local measurement of Hubble constant also can
be suffered from systematics error. The error might be as results of gravitational lensing
[29–31], vacuum void or density fluctuation [32–36] and local gravitational potential [37].
Most of them concluded that it’s difficult to alleviate the discrepancy of Hubble constants.
In this paper, we explore the possibility that the discrepancy of Hubble constant might
come from motional status of observers’ reference frame. Namely, observed Hubble constants
are different in different reference frames. We present coordinate transformations between
geodesic and static observers in Friedmann-Lemaitre-Robertson-Walker (FLRW) space-time.
And it’s interesting to find that the Hubble constant in the geodesic frames is different from
that in the isotropic CMB frame. There is an upper bound of relative deviation of these
Hubble constants that can be attributed to motional status of observers’ frame, if we assume
that redshift space distortions are originated in geodesic motion of heliocentric reference
frame. Namely, using constraints inferred from observation of cosmic shear [38], we find
that Hubble constant in the heliocentric reference frame could be larger than that in CMB
frame around 1.1%. In other words, the difference is 0.81±0.22 km s−1 Mpc−1, if the locally
measured Hubble constant is 74 km s−1 Mpc−1. This effect seems considerable compared
with the total uncertainty of 1.9% in the measurement of Hubble constant [1] and might not
be neglected.
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This paper is organized as follows. In section II, we introduce the adapted coordinates
of geodesic observers in FLRW space-time. In the geodesic frames, the value of Hubble
constant is shown to be different from that in CMB frame. In section III, we further
clarify the reference frame dependence of Hubble constants via redshift-distance relation in
low redshift approximation. In section IV, using constraints inferred from observation of
cosmic shear, we provide an upper bound of relative deviation of Hubble constants that can
be attributed to motional status of heliocentric reference frame. Finally, conclusions and
discussions are summarised in section V.
II. REFERENCE FRAME DEPENDENCE OF HUBBLE CONSTANT
In CMB frame, the universe is isotropic and described by the FLRW metric in standard
cosmology,
ds2 = −dt2 + a2(t)((dx1)2 + (dx2)2 + (dx3)3) . (1)
By making up of the metric, the 4-velocities of geodesic observers can be obtained via
geodesic equations, ∇uuµ = 0,
uµ =
(√
1 +
( ς
a
)2
, 0, 0,
ς
a2
)
, (2)
where ς is an integral constant of geodesic equations and we consider the motions along the
direction of axis-x3 for simplicity. For given 4-velocities of observers, one can find coordinates
(T,X, Y, Z) adapted to the observers, which is formulated as
−NdT = uµdxµ , (3)
where N is an integrating factor to ensure d2T = 0. This technique has been involved in
3+1 formalism of general relativity [39]. In the adapted coordinate (T,X, Y, Z), we require
that the geodesic observers should view themselves fixing in spatial coordinates, which is
formulated as
dX i
dτ
= uµ∂µX
i = 0 , (4)
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where τ is proper time of the 4-velocity u and X i are spatial coordinates (X, Y, Z) of the
geodesic frames. From Eqs. (2), (3) and (4), we can obtain N = 1 and
dT =
√
1 +
(
ς
a
)2
dt− ςdx3 ,
dX = dx1 ,
dY = dx2 ,
dZ = 1
C
(
− ς
a2
√
1+( ςa)
2 dt+ dx
3
)
,
(5)
where C is an arbitrary constant. From the transformation (Eq. (5)), one can obtain metric
of the adapted coordinates for geodesic observers,
ds2 = −dT 2 + a2(T, Z)
(
dX2 + dY 2 +
(
1 +
(
ς
a
)2
1 + ς2
)
dZ2
)
, (6)
where a(T, Z) ≡ a(t(T, Z)). To make sure that it returns to Minkowski space-time in the
case of a→ 1, we have set the constant C = 1√
1+ς2
. For the scale factor a beyond 1, one can
find that the metric (Eq. (6)) and transformation (Eq. (5)) are non-trivial. The space-time
of the geodesic frames is beyond description of the FLRW metric. From Eq. (5), we can
obtain explicit coordinates via integrals,
T =
∫ t
t0
√
1 +
(
ς
a(t′)
)2
dt′ − ςx3 ,
X = x1 ,
T = x2 ,
Z =
√
1 + ς2
x3 − ς ∫ t
t0
dt′
a2
√
1+
(
ς
a(t′)
)2
 ,
(7)
where t0 is current time in the CMB frame. For the current universe, a→ 1, the transforma-
tion turns to be Lorentz transformation. The relations between CMB and geodesic frames
are shown in Figure 1. The world lines of geodesic motions are along the dotted lines, which
are also coordinate lines of T . Here, all the coordinate lines of geodesic frames are shown to
be curved in space-time diagram of the CMB frame. This should be understood as effect of
the expansion of the universe.
In the geodesic frames (Eq. (6)), one might introduce Hubble constants H¯0 by analogy,
H¯0 ≡ ∂Ta
a
∣∣∣∣
a=1
=
a˙(t)
a(t)
∂t
∂T
∣∣∣∣
a=1
= H0
√
1 + ς2 , (8)
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FIG. 1. t–x3 diagram for isotropic FRLW space-time. The t0 is time of the current universe. The
dotted and solid lines are coordinate lines of the geodesic reference frames with selected ς. Since
the diagram is plotted for low-redshift space-time, we set Hubble parameter as a constant for the
dark energy dominated epoch. In this case, the scale factor a is in an exponent form.
where H0
(
≡ a˙(t)
a(t)
∣∣∣
a=1
)
is the Hubble constant in CMB frame. As we know, it’s far from a
utility definition of Hubble constant in the geodesic frames for now. However, it’s sufficient
to suggest that the Hubble constant is reference-frame-dependent and the H¯0 tends to be
larger than CMB Hubble constant H0.
In next section, we would carefully study what’s the proper Hubble constant in geodesic
frame via distance-redshift relation in low-redshift approximation.
III. DISTANCE-REDSHIFT RELATION IN LOW-REDSHIFTS
In the direction of axis-Z, we can obtain equation of trajectories of light rays by making
use of ds = 0,
0 = dT ±
√
a2 + ς2
1 + ς2
dZ , (9)
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where ± represents backward and forward propagating rays, respectively. For a solution of
the Eq. (9), F (T, Z), we have
dF = I(T, Z)
(
dT ±
√
a2 + ς2
1 + ς2
dZ
)
, (10)
where
I(T, Z) ≡
√
1 + ς2 ∓ ς√
a2 + ς2 ∓ ς . (11)
The trajectories of light rays propagating from events (T, Zc) to (T0, 0) satisfy
F (T0, 0)− F (T, Zc) = 0 . (12)
In low-redshift approximation, redshift is measured locally and we can expand Eq. (12) for
small Zc,
F (T0, 0)− F (T, 0)− ∂F
∂Z
∣∣∣∣
(T,0)
Zc +O(Z2c ) = 0 . (13)
Thus, we can deduce
Zc ≈ F (T0, 0)− F (T, 0)
∂F
∂Zc
∣∣∣
(T,0)
=
1
±I
√
a2+ς2
1+ς2
∣∣∣∣∣∣
Zc=0
∫ T0
T
I(T ′, 0)dT ′ . (14)
From Eqs. (5) and the integral along a constant Z, we have
dZ =
√
1 + ς2
− ς
a2
√
1 +
(
ς
a
)2 dt+ dx3
 = 0 . (15)
It leads to
dT =
dt√
1 +
(
ς
a
)2 = da
aH
√
1 +
(
ς
a
)2 , (16)
where H ≡ a˙
a
. Associating with Eqs. (11) and (16), we rewritten the expression of co-moving
distance Zc (Eq. (14)) as
Zc = ± 1√
1+ς2∓ς√
a2+ς2∓ς
√
a2+ς2
1+ς2
∣∣∣∣∣∣
Zc=0
∫ 1
a(T,0)
−1
0
ad
(
1
a
− 1)
H
√
1 +
(
ς
a
)2
{ √
1 + ς2 ∓ ς√
a2 + ς2 ∓ ς
}
. (17)
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In low-redshift approximation, 1
a(T,0)
− 1→ 0, one can obtain
Zc = ± 1
H0
√
1 + ς2
(
1
a(T, 0)
− 1
)(
1 +
+
1
2
(
−1− q0 − ς
2
1 + ς2
± 2ς
(1 + ς2)(
√
1 + ς2)
± ς√
1 + ς2
)(
1
a(T, 0)
− 1
)
+O
((
1
a(T, 0)
− 1
)2))
, (18)
where the deceleration parameter q(t) ≡ −aa¨
a˙2
. Likewise, we calculate the co-moving distance
in the direction perpendicular to axis-Z, for example,
Xc = ± 1
H0
√
1 + ς2
(
1
a(T, 0)
− 1
)(
1 +
+
1
2
(
−1− q0 − ς
2
1 + ς2
)(
1
a(T, 0)
− 1
)
+O
((
1
a(T, 0)
− 1
)2))
. (19)
The difference between co-moving distance Zc and Xc is originated from Eq. (11). For
leading order of the co-moving distance X
i(0)
c , one can find
X(0)c = Y
(0)
c = Z
(0)
c = ±
1
H0
√
1 + ς2
(
1
a(T, 0)
− 1
)
. (20)
In the low-redshift limit, (Eq. (20)), it seems approaching our claim in section II that H¯0
can describe expansion of the universe. However, it’s not entire story. In order to obtain
distance-redshift relation, we would show how to express 1
a(T,0)
− 1 in terms of observed
redshifts in the geodesic reference frames.
Using null geodesic equations, we obtain 4-velocities of light rays in the geodesic reference
frames,
dT
dλ
=
√
(l1)2 + (l2)2 + (l3)2
√
a2 + ς2 − ςl3
a2
, (21)
dX
dλ
=
l1
a2
, (22)
dY
dλ
=
l2
a2
, (23)
dZ
dλ
=
√
1 + ς2
a2
(
l3 − ς
√
(l1)2 + (l2)2 + (l3)3√
a2 + ς2
)
, (24)
where l1, l2 and l3 are integral constants of geodesic equations and can be determined by
spatial Killing vectors in the FLRW space-time. For co-moving observers uµ = (1, 0, 0, 0),
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the redshift is given by
1 + z =
gµνu
µ dXµ
dτ
∣∣
source
gµνuµ
dXµ
dτ
∣∣
obs
=
1
a2
√a2 + ς2 − ς l3√(l1)2+(l2)2+(l3)3√
1 + ς2 − ς l3√
(l1)2+(l2)2+(l3)3
 , (25)
where gµν is the metric of geodesic reference frames (Eq. (6)) and scale factor a is a function
of T and Z. In low-redshift approximation, we expand the expression of redshift in terms of
1
a(T,Z)
− 1,
z =
1 + 2ς
(
ς −√1 + ς2 l3√
(l1)2+(l2)2+(l3)3
)
1 + ς
(
ς −√1 + ς2 l3√
(l1)2+(l2)2+(l3)3
) ( 1
a(T, Z)
− 1
)
+O
((
1
a(T, Z)
− 1
)2)
. (26)
Firstly, we consider observed redshift of co-moving light sources in the direction of axis-Z.
In the case of l1 = l2 = 0, leading order of the redshift in this direction takes the form of
z3 ≡ z(T, 0, 0, Zc) ≈
(
1± ς√
1 + ς2
)(
1
a(T, Z)
− 1
)
≈
(
1± ς√
1 + ς2
)(
1
a(T, 0)
− 1− ∂Za
a2
∣∣∣∣
Z=0
Zc
)
≈ 1
1 + ς2
(
1
a(T, 0)
− 1
)
. (27)
In the third equal, the sign is determined via using Eqs. (5) and (20) and expansion in terms
of a→ 1. One can find the redshifts of forward and backward propagating lights are shown
to be the same at the leading order. The second case is observed redshift from co-moving
light sources perpendicular to axis-Z, (parallel to axis-X, for example). It leads to integral
constants of light rays, l2 = 0 and l3 =
ς√
1+ς2
√
(l1)2 + (l3)2, from which we can obtain the
leading order of the redshift in this direction,
z1 ≡ z(T,Xc, 0, 0) ≈
1 + 2ς
(
ς −√1 + ς2 ς√
1+ς2
)
1 + ς
(
ς −√1 + ς2 ς√
1+ς2
) ( 1
a(T, 0)
− 1
)
≈ 1
a(T, 0)
− 1 . (28)
Eq. (28) would break down in higher redshift, obviously. Once trajectories of the light rays
are not approximately straight, we could not require the light rays both sourced at axis-X
and from the direction parallel to axis-X. The same situation also exist in calculation of Xc.
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Here, for these light rays, we can estimate its deviation from straight trajectories. Using
geodesic equations (Eqs. (22) and (24)) and the value of l2, l3, one can obtain∣∣∣∣∆Z∆X
∣∣∣∣ = ς√1 + ς2
(
1
a
− 1
)
+O
((
1
a
− 1
)2)
. (29)
For redshift survey z <∼ 0.03 [38] and ς ∼ 0.3, it leads to
∣∣∆Z
∆X
∣∣ <∼ 0.01. Thus, our calculation
above is valid in the low-redshift approximation.
From Eqs. (20), (28) and (29), we can reconstruct distance-redshift relation in the low
redshift approximation, 
z1 = H0
√
1 + ς2|Xc| ,
z2 = H0
√
1 + ς2|Yc| ,
z3 = H0√
1+ς2
|Zc| .
(30)
In this approximation, luminosity distance is equal to the co-moving distance |X ic|. In this
distance-redshift relation, there is not difference between forwards and backwards propa-
gating light rays. In Figure 2, we plot redshift as function of location affected by selected
parameters ς. Due to geodesic motion of the reference frames, the expansion rates are
different in different directions.
X
Z
ϛ=0 ϛ=0.4 ϛ=0.9
FIG. 2. Schematic diagram for redshift as function of location in low redshift. The parameters ς
are selected as 0, 0.4 and 0.9, respectively. For CMB frame in the universe, observed redshifts are
the same in a sphere surface of the space. For geodesic frames, the sphere turns to be an ellipsoid.
As shown in redshift surveys [38, 40–42], the Hubble constant is isotropic part of the
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expansion in the universe and can be extracted from Eq. (30). It suggests
z1
z2
z3
 = H0√1 + ς2

1
1
1
1+ς2


|Xc|
|Yc|
|Zc|

= H0
√
1 + ς2

(
2
3
+
1
3(1 + ς2)
)
I+
ς2
3(1 + ς2)

1
1
−2



|Xc|
|Yc|
|Zc|
 , (31)
and the Hubble constant in geodesic frame should be
H˜0 = H0
√
1 + ς2
(
2
3
+
1
3(1 + ς2)
)
, (32)
where I is 3-dimensional identity matrix. One can find the expression of the Hubble constant
H˜0 (Eq. (32)) is different from the CMB H¯0 (Eq. (8)).
In Appendix A, we also present a simpler but less physically-intuitive derivation for
Eqs. (31).
IV. ESTIMATE PARAMETER ς FROM COSMIC SHEAR AND HUBBLE TEN-
SION
The parameter ς is an integral constant of geodesic equations in FLRW space-time. In
this section, we would estimate value of the parameter ς from observation. From redshift
surveys [40–42], redshifts of celestial objects are beyond description of isotropic Hubble flow.
As shown in Ref. [38], the observed redshift zobs at low-z can be expanded as
zobs(rˆ) = H0d+Birˆi + (Qij rˆirˆj)d+O(d2) , (33)
where zobs depends on location of celestial objects rˆ, d(= |r|) is the distance, vector Bi and
traceless tensor Qij are so-called bulk flow and cosmic shear, respectively. In low redshift
approximation, the redshifts are proportional to velocities and can be treated as vectors
with three components in space, namely, so-called redshift space [43],
zobs ≡ ziobsrˆi = H0dirˆi +Birˆi +Qijdj rˆi , (34)
where di ≡ drˆi. One can rewrite the observed redshifts in components,
ziobs = Bi + (H0δij +Qij)dj . (35)
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In this point of view, the observed redshifts beyond description of Hubble flow indicate the
distortions that appear in redshift space [43]. It has been supported by observation [38].
Amplitude of bulk flow is around 300 km s−1 and components of cosmic shear are about 3
h km s−1 Mpc−1.
Usually, the redshift space distortions are understood as peculiar velocities Vpec ≡ zobs −
H0d, because it’s widely accepted that local overdense or void region of the universe can give
rise to the peculiar velocity field [36, 38, 42, 43]. Conversely, the observations of peculiar
velocities could be a probe of the mass distribution in the local universe. On the other side,
there is other possibility that the redshift space distortions could arise from motional status
of observer’s reference frames. We have shown that it’s non-trivial to consider the adapted
coordinates for geodesic observers in the universe. Without local structure, the deviations
of redshifts beyond Hubble flow might still exist.
In Eq. (31), we have derived redshifts as function of position in geodesic frames, the shear
takes the form of
Q˜ =
H0ς
2
3
√
1 + ς2

1
1
−2
 , (36)
and the Hubble constant in the geodesic frame can be expressed as,
H˜0 = H0
√
1 + ς2
(
2
3
+
1
3(1 + ς2)
)
. (37)
As shown that there is not a dipole in redshift space caused by our geodesic motion, the
parameter ς has to be constrained by the cosmic shear. In observation, Qin et al [38]
presented the cosmic shear Qob measurement for 2MTF, CF3 and the combined data. Here,
we neglect peculiar velocities and assume that the observed cosmic shear can at least partly
come from the effect of our motion. Namely, from
√
Q˜ijQ˜ij <∼ (
√
QijQij)obs, we can obtain
|ς| <∼ 0.259± 0.010.
Using the value of parameter ς, we can estimate how much discrepancy of Hubble con-
stants can be attributed from geodesic motion of heliocentric reference frame. Namely, there
is an upper bound of relative deviation of the Hubble constants,
H˜0
H0
− 1 = 2
3
√
1 + ς2 +
1
3
√
1 + ς2
− 1 <∼ 1.1± 0.3% . (38)
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Although, it seems difficult to alleviate Hubble tension. The effect is considerable compared
with the total uncertainty of 1.9% in recent measurement of Hubble constant [1] and might
not be neglected.
If isotropic part of the redshift is not extracted from redshift space distortions, namely,
one might use Eq. (30) to test Hubble’s law instead of Eq. (31), the upper bound of the
deviation of the Hubble constants could be larger,
H¯0
H0
− 1 =
√
1 + ς2 − 1 <∼ 3.3± 0.2% . (39)
In this case, the Hubble constants can be different in directions.
V. CONCLUSIONS AND DISCUSSIONS
In this paper, we explored the possibility that the discrepancy of Hubble constants could
be affected by motional status of observers’ reference frames. We introduced adapted co-
ordinates for geodesic observers in FLRW space-time. The geodesic frames are beyond the
description of FLRW metric. If redshift space distortions can be attributed to motion of the
geodesic frames, the motional status of observers reference frames could contribute to 1.1%
or more riskily 3.3% discrepancy of Hubble constants. We can conclude that, firstly, the
Hubble constant is, in fact, reference frame dependent. Secondly, as future probes aim at
uncertainty of 1% in measurement of Hubble constants [1], the effect of observers’ motional
status should not be neglected.
In the point of view of peculiar velocities, the bulk flow indicates that most of the celestial
objects tend to move towards a specific direction. If the universe is isotropic and homogenous
anywhere, it might suggest that our reference frame is moving in the opposite direction of
bulk flow with respect to the CMB frame. In this paper, we carefully studied observers’
reference frame in the framework of general relativity. The luminosity-redshift relation was
calculated in co-moving grids based on the picture that observers are co-moving with the
celestial objects in the local group. In this case, there is not difference between forwards
and backwards propagating light rays as shown in Eq. (24). And the geodesic motion of
the reference frames contributes only to the shear part of distortion of redshift space. In
this point of view, the cause of bulk flow might be non-geodesic motion, such as accelerated
motion of reference frames. It’s different from the scenario of peculiar velocities.
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Here, the 1.1% deviation of Hubble constants was inferred from cosmic shear without
peculiar velocities. In fact, it would be more realistic to combine the effect of peculiar
velocities and the motional status of observers reference frames discussed in this paper.
Further studies should deal with how to distinguish and entangle these contributions.
Other key part of our model is estimation of the parameter ς from cosmic shear. The
upper bound of the parameter ς is determined by assuming that all the observed cosmic
shear is from the motion of the geodesic frames. In fact, the ς can be larger, if peculiar
velocities might cancel part of the shear. In this case, it would lead to a larger deviation of
Hubble constants in difference reference frames.
Fundamentally, the work is based on that the adapted coordinates for different geodesic
observers are not equivalent. It’s interesting on conceptual level. In Minkowski space-
time, due to Lorentz symmetry, we can’t distinguish between reference frames of static and
inertial observers. While in FLRW space-time, it’s not true. We can distinguish the reference
frames adapted to different geodesic observers. That’s the reason that we can figure out the
difference of Hubble constant in CMB and heliocentric frame, although there might not be
a real observer who is static with respect to CMB frame.
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Appendix A: Alternative derivation for Eq. (31)
For co-moving observers uµ, the deviation vector ξµ of uµ, which has [u, ξ]µ ≡ uν∇νξµ −
ξν∇νuµ = 0, could indicate shape of space-time. From the property of deviation vectors,
one can find
D
dτ
ξµ =
(
σµν + w
µ
ν +
1
3
θγµν
)
ξν , (A1)
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where D
dτ
≡ uν∇ν , γµν = δµν + uµuν and
θ = ∇µuµ , (A2)
σµν =
1
2
(∇µuν +∇νuµ + uµ∇uuν + uν∇uuµ)− 1
3
θγµν , (A3)
wµν =
1
2
γαµγ
β
ν (∇αuβ −∇βuα) . (A4)
The θ, σµν and wµν are expansion scalar, shear and rotation tensor, respectively. They are
derived from kinematical decomposition of 4-velocity uµ and so-called kinematical quantities.
In the geodesic reference frame, the 4-velocities of co-moving observers are uµ =
(1, 0, 0, 0). By making use of metric (Eq. (6)) of the reference frame, we can obtain
θ =
∂Ta
a
(
2 +
1
1 +
(
ς
a
)2
)
, (A5)
σµν =
∂Ta
a
(
ς
a
)2
3
(
1 +
(
ς
a
)2)

0
1
1
−2
 , (A6)
wµν = 0 . (A7)
In the low-redshift approximation, derivative of deviation vector ξµ can be regard as relative
velocities between co-moving observers. It suggests D
dτ
ξi ≈ υi = czi. Here, zi is observed
redshift and we set speed of light c = 1. Thus, the Eq. (A1) in low redshifts can be rewritten
as
zi =
(
σij + w
i
j +
1
3
θδij
)∣∣∣∣
a=1
ξj . (A8)
This leads to
zX
zY
zZ
 = H0√1 + ς2

(
2
3
+
1
3(1 + ς2)
)
I+
ς2
3(1 + ς2)

1
1
−2



ξX
ξY
ξZ
 . (A9)
It shows that Eq. (31) can be obtained via calculating kinematical quantities of co-moving
observers.
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